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1. The Ihara Zeta function

The  Riemann zeta function is defined as 

This function finds its motivation in number theory. The study of its zeros has remained one of the 

main challenges of mathematics over the last 150 years. Mathematicians have introduced dozens of 

analogs of this function in other branchs of mathematics (Dedekind, Selberg). Among them, the Ihara 

zeta function is about graphs. In a graph G, a cycle is a closed path  along the edges of the graph that 

does not visit twice consecutively the same edge (non-backtracking). We say that a cycle is prime if is 

not the power of another cycle. The Ihara zeta function is then defined as, 

where the product is over all prime cycles in G and |p| denotes the length of the cycle. Through the 

change of variable s = ln(u), we may realize that the Ihara zeta function has formally the same 

structure than the Rieman zeta function.

2. The Riemann Hypothesis on Ihara zeta function

Stark and Terras  have defined an analog of the Riemann hypothesis for the Ihara zeta function. It is 

related to the location of the poles of the function. 

We will see that even if the analogy with the Riemann zeta function may seem artificial,  the Ihara zeta 

function and its analog Riemann hypothesis are intimately related to the expanding properties of 

graphs. The latter are of fundamental interest in theoretical computer science and information theory. 

Informally, a graph is a good expander if it has few edges and nevertheless short paths connect all 

pairs of vertices. Best possible expanders are known as Ramanujan graphs and giving a proof of their 

mere existence was already a non trivial task (Lubotzky, Phillips and Sarnak). The Riemann 

hypothesis for the Ihara zeta function is intimately related to saying that a given graph is a Ramanujan 

graph. 
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3. Random matrices

A famous theorem by Bass asserts that for any finite graph, the Ihara zeta function can written as the 

determinant of a natural matrix defined from the graph. The key consequence is that the poles of the 

zeta function are in one to one correspondence with the spectrum of an operator on the graph. The 

Ihara zeta function may thus be seen as an interesting playground for establishing rigorous connections 

between zeta function and spectrum of random matrices. 

In this talk, we will give a short review of this field. We will draw a graph at random and try to 

understand what can be said about its Ihara zeta function and its poles. We will explain how the 

behavior of large random matrices is relevant for this task. We will give some rigorous results and give 

a few conjectures of phenomena that can be observed from numerical simulations. 
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