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FINAL REPORT 
For Japan-Korea Joint Seminar 

 AREA

○1.  Mathematics & Physics 
2. Chemistry & Material Science 
3. Biology 
4. Informatics & Mechatronics 
5. Geo-Science & Space Science 
6. Medical Science 
7. Humanities & Social Sciences 

 
1. Title of Seminar: 
Workshop for the regularity and singularity for some nonlinear partial differential 
equations 
                                                                                    
 
2. Period of Seminar: From     15/October/2010         To    16/October/2010        
 ( date )                      ( date ) 
 
                                                                  2         days   
 
3.  Place of Seminar:          Suwon          ,        Korea                        
                                 ( city )                      ( country)   
   
4.  Total Budget 
 

a. Financial Support by JSPS: Total amount:      750            thousand yen       
 
    b. Other Financial Support : Total amount:         0             thousand yen      
 
5. Co-Organizers   
a. Japanese Organizer 

Name Masashi Misawa 

 
Institution / 
Department 
 
Position 

Kumamoto University  / Graduate School of Science and 
Technology, Department of Mathematics 
 
 
Professor 

b. Korean Organizer 

Name Kyungkeun Kang 

 
Institution / 
Department 
 
Position 
 

Sungkyunkwan University / Department of Mathematics 
 
 
 
Associate Professor 
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6. Participants 

 a. List of Japanese-side Participants (Except for Organizer) 
Name Institution/Department Position 

Takayuki Kobayashi 

 

Takayoshi Ogawa 

 

Futoshi Takahashi 

 

Hiroshi Ohtsuka 

 

 

 

Saga University / Department of 

Mathematics 

Tohoku University / Mathematical 

Institute 

Osaka City University / Department of 

Mathematics 

University of Miyazaki / Department of 

Mathematics 

Professor 

 

Professor 

 

Professor 

 

Associate Professor

b. List of Korean-side Participants (Except for Organizer) 
Name Institution/Department Position 

Hyung-Ohk Bae 

 

Hyunseok Kim 

 

Jihoon Lee 

 

 

 

 

 

 

Ajou University / Department of 

Mathematics 

Sogang University / Department of 

Mathematics 

Sungkyunkwan University / Department 

of Mathematics 

Professor 

 

Associate Professor

 

Associate Professor

c. List of Other Countries’ Participants  
Name Institution/Department Position 

Feimin Huang 

 

 

 

Chinese Academy of Sciences Professor 

Number of Participants: 

  Japanese:   5            Korean:   4 (Other Koreans 19)       Others:    1         
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7. Objective of Seminar 
The objective of our joint seminar with Korean researchers is to develop mathematical analysis 

for regularity and singularity for the harmonic map heat flows and the Navier-Stokes equations. 
The harmonic map heat flows play a fundamental role in looking for the harmonic maps, critical 
points of Dirichlet energy of maps between Riemannian manifolds, and, on the other hand, the 
Navier-Stokes equations are the fundamental equations describing motions of incompressible 
viscous fluid. The regularity and singularity of solutions to those nonlinear parabolic partial 
differential equations of second order have been the center of attention and answering those 
questions would have substantial effects on differential geometry, fluid mechanics, 
mathematical physics and related other areas. 

Since the harmonic map heat flows and the Navier-Stokes equations have a certain scaling 
invariance and the scaling transformation associated with them, it is expected for those to share 
some common properties on the regularity and singularity.  

We, members of Japan and Korea, have strong research potentials on the Navier-Stokes 
equations and the harmonic map heat flows, since we have studied the regularity and singularity 
of solutions for those equations and have obtained a large number of significant results for those 
problems as well as existence and asymptotic behavior of solutions. 

The Japanese team have obtained some important results, for example, regularity estimate for 
the p-harmonic map heat flows which are a natural generalization of the harmonic map heat 
flows, improved regularity criteria for equations related to fluid mechanics and singular 
behavior of solutions to some nonlinear elliptic equations of critical type which relate to the 
Sobolev embedding theorem. 

The Korean team have also made noticeable contributions on the matter of existence and 
regularity problems on nonlinear evolutionary partial differential equations, in particular, the 
Navier-Stokes equations and other equations related to fluid mechanics. For example, the 
asymptotic behavior and decay properties for weak and strong solutions of the Navier-Stokes 
equations, existence and uniqueness for the very weak solutions, non-existence of 
asymptotically self-similar type solutions and several local and global regularity conditions. 

The purpose of the joint seminar is that members of Japan and Korea wish to share each 
other’s ideas and mathematical tools established separately for the harmonic map heat flows and 
the Navier-Stokes equations together with other equations related to fluid mechanics, 
differential geometry and mathematical physics. Arranging the joint seminar, we will have 
opportunity to share ideas and methods adapted to the harmonic map heat flows and the 
Navier-Stokes equations and the joint seminar will enable us to continue to conduct joint 
research projects between Korea and Japan team. Embarking the joint seminar, we also expect 
to devise some new methods in our joint work and to obtain some new results on the regularity 
and singularity problems for the harmonic map heat flows, the Navier-Stokes equations and 
nonlinear elliptic equations of critical type.  
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8. Schedule and Topics of Seminar 
 
Schedule: October 15-16, 2010,  
Place: Room 31317, Natural Sciences 1, Department of Mathematics, Sungkyunkwan 
University, Suwon, Korea 
(Please look at WebPage: http://math.skku.ac.kr/Korea_Japan_Seminar/) 
 
Topics of Seminar: 
In our joint seminar Korean and Japanese members worked on the following problems: 
 
1) Navier-Stokes equations 
 
Navier-Stokes equations describe the motions of fluid and in the joint seminar the 
following topics was mainly discussed. 
 
Large time behavior of solutions for compressible Euler equations with damping and 
vacuum, 
Boundary regularity for the steady p-Stokes systems, the case p > 2, 
Weighted estimates of the solutions to the Navier-Stokes equations in unbounded 
domain, 
Local regularity of the Navier-Stokes equations in terms of two components of velocity 
Recent results on the stationary Navier-Stokes equations in exterior domains, 
On the regularity of the magnetohydrodynamics equations 
 
2) Harmonic map heat flows and related parabolic equations 
 
Harmonic map heat flows are the negative gradient flow for Dirichlet energy of maps 
between Riemannian manifolds and thus, are useful in looking for the harmonic maps 
which are critical points of Dirichlet energy. They are also a special case of 
Laudau-Lifshitz-Gilbert equations that model dynamics in isotropic ferromagnets. In 
our joint seminar the following related topics were mainly discussed. 
 
Generalized maximal regularity of heat equations and some applications, 
A refined Hölder estimates for the evolutional p-Laplacian systems 
 
3) Nonlinear elliptic equations of critical type 
 
Some nonlinear elliptic equations naturally appear in the variational problems related to
The Sobolev embedding theorem and have similar structure to the Navier-Stokes 
equations or the harmonic map heat flows and in the joint seminar the following topics 
were mainly discussed. 
 
Nonexistence of multi-bubble solutions to some elliptic equations on convex domains, 
On the blow-up solutions to the Gel’fand problem in two space dimensions 
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9. Research Trend at Home and Abroad 

The harmonic map heat flows and the incompressible non-stationary Navier-Stokes equations 
are very important in differential geometry, fluid mechanics and mathematical physics. The 
regularity and singularity questions of solutions for those equations have been one of the main 
open problems to be settled in the mathematical analysis. 

In the middle of 1980’s, M. Struwe(in ETH, Zurich) established the fundamental result on the 
global existence and regularity for the harmonic map heat flows. F. H. Lin(Courant Institute, 
New York) and his colleagues studied the finite and infinite time blowing up of the harmonic 
map heat flows and showed that those phenomenon can be characterized by bubbling off of the 
stationary harmonic maps, which are now called bubbling phenomenon. Moreover, this 
bubbling phenomenon represents a sort of quantization. On the other hand, T. Rivière(in ETH, 
Zurich) discovered certain conservative law available for the harmonic maps. It is realized by 
choosing a Gauge transformation well-adapted to tangent bundles along them. Combining this 
conservative law with a real-analytic fundamental result, the duality between Hardy space and 
BMO(bounded mean oscillation) space, the regularity and singularity of the harmonic maps are 
understood very well. It is very exciting to study such interaction between analysis and 
geometry. 

The PDE-approach in differential geometry was successfully used by S. Hildebrandt(Bonn), 
M. Giaquinta(Pisa), S. T. Yau(Stanford), R. Schoen(Stanford) and K. Uhlenbeck(Texas), for the 
harmonic maps, Yamabe problem on conformal metric of scalar curvature and Monge-Ampere 
equations in complex geometry. In Japan and Korea, there have recently been some researchers 
related to nonlinear partial differential equations in differential geometry. 

The p-harmonic maps are recognized to be the higher dimensional analogue to the harmonic 
maps. In the stationary case, their regularity and singularity have been studied well, though 
some important problems remain not to be settled yet. However, their evolution problems, the 
p-harmonic map heat flows, have been understood only a little, because of difficulty of 
regularity for the evolutional p-Laplace operator. The regularity and singularity problem are 
now one of open problems to be settled in differential geometry and nonlinear partial 
differential equations. It will be very interesting to study regularity and singularity for those 
nonlinear evolution equations and their application for differential geometry and mathematical 
physics. 

The regularity and singularity problem for Navier-Stokes equations have been remained not to 
be settled and so much efforts have been made to solve this important problem. It is now 
well-known that the ideas and methods applied for those problems have established the 
mathematical theory and yield the very active research field now. Now, by scaling invariance 
associated with the equations, Navier-Stokes equations closely relate to the harmonic maps and 
their heat flows in the study of regularity and singularity. It is natural to study such interrelation 
on regularity between nonlinear partial differential equations of different background. In fact, 
we have obtained interesting results from such point of view, for example, an extension of 
Serrin’s regularity criterion for Navier-Stokes to the harmonic map heat flows. The duality 
Hardy space and BMO as above is also naturally made use of in the regularity for 
Navier-Stokes. 

In Japan, there are a beautiful functional analytic theory called semi-group theory for the linear 
partial differential operator and also Kato’s method based on the semi-group theory. The theory 
and its method have often been used by many researchers in the world and so, now are 
recognized to be important for analysis for Navier-Stokes and semi-linear equations. 
 As explained above, we should share the ideas and methods in the study of regularity and 
singularity for the harmonic maps and Navier-Stokes. The purpose of our joint seminar is to put 
its plan into practice by our Japanese and Korean members. 
 
 
 




