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1. Introduction 
We study the problem of allocating a single indivisible object with monetary transfers among a set of 
individuals who have mutually different valuations over the object. An interesting public economic 
example is the locating problem of a Not-In-My-Backyard facility among a group of districts. In this 
situation, each district (individual) has to bear disutility (negative valuation) when the facility (object) 
is assigned, so that some fair monetary compensation to the assigned district from the others should be 
considered. Our position is the arbitrator of the problem, and our purpose is to somehow realize a 
socially desirable outcome on the basis of individual valuations. The difficulty lies in the typical fact 
that the arbitrator is not directly involved into the problem, and hence less information over individual 
valuations is available for him. Our economics-approach to overcome this difficulty is to design an 
incentive mechanism so that socially desirable outcomes are realized through non-cooperative 
game-play by individuals. In relation to the title of the session topic, our analysis is about 
implementing an outcome that should be socially chosen, and the idea of justice is embodied into the 
criteria of social desirability. 
 
2. Model 
A single indivisible good α has to be assigned to one of the two individuals i ∊{1,2}. The two-person 
setting is only to simplify the analysis, and all the results can be easily extended to any general 
n-person case. Each i’s monetary valuation to α is given by a real value vi ∊R, and v = (v1,v2) is the 
pair of their valuations. The problem here is to select exactly one recipient of the object and to 
determine the amount of the monetary transfer from the recipient to the non-recipient. In this problem, 
any outcome is described by an allocation x= (j,m) ∊ X={1,2}×R, where j is the recipient and m is 
the amount of a monetary transfer from j to the other k (the value m is allowed to be negative, meaning 
the payment from k to j). Given a pair of valuations v = (v1,v2) and an allocation (j,m), individual 
preferences are represented by quasi-linear functions as:  

   Uj(j, m; vj)=vj-m, 
 Uk(j, m; vk)=m. 

There are three social desirability criteria over any allocation (j,m): 
 Efficiency: vj = max{v1,v2}. 
 Envy-freeness: vj-m ≥ m and m ≥ vk -m. 
 Perfect envy-freeness: vj-m =vj/2=m. 

The sets of all efficient, envy-free, and perfectly envy-free allocations are denoted by, Eff(v), Env(v), 
and PEnv(v), respectively. It is known in this context that PEnv(v)⊆Env(v)⊆Eff(v), and they are all 
non-empty.  

To realize these allocations, it is necessary to obtain information of v which the arbitrator does not 
know. One may consider that the arbitrator could directly ask the individuals about their own 
valuations, but the problem is not so simple, since any individual typically has an incentive to 
misrepresent his valuation, while the arbitrator has no way to check if it is true.  

 
3. Mechanism design 
Hereafter, we assume that valuations only take integer values to avoid some non-essential technical 
difficulty and denote true valuations by v=(v1,v2). The mechanism designed by Fujinaka and Sakai 
(2008) is given as:  
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Mechanism 
Each i=1,2 reports some integer bi. This value can be different from true vi. 
When b1 ≥ b2 , individual 1 receives α and pays m=b2/2 to individual 2. 
When b1 < b2, individual 2 receives α and pays m=b1/2 to individual 1. 
The outcome given by this rule is denoted by g(b)∊X. 

 
The set of Nash equilibria in this game is denoted by N(v) and the set of Nash allocations is given by 
g(N(v))={x ∊ X: ∃b∊N(v), g(b)=x }. Moreover, the set of undominated strategy equilibria in this 
game is denoted by D(v) and the set of undominated strategy allocations is given by g(D(v))={x ∊ X: 
∃b∊D(v), g(b)=x }.  

Tadenuma and Thomson (1995), Bochet and Sakai (2007), and Sakai (2008) argue that envy-free 
allocations are, in some sense, quite appropriate in designing implementing mechanisms. In fact, 
Fujinaka and Sakai (2008) establish the following theorem:  
 

THEOREM  For every v = (v1,v2), PEnv(v)= g(N(v))⋂g(D(v)) ⊆g(N(v))⊆Env(v). 
 
This theorem is a very refinement of related results by Tadenuma and Thomson (1995) and Fujinaka 
and Sakai (2007). It implies that, when individuals play a (unique) undominated Nash equilibrium, a 
(unique) perfectly envy-free allocation is realized, and when individuals play any Nash equilibrium, an 
envy-free allocation is realized. Thus socially desirable allocations can be implemented through 
equilibria in the non-cooperative game generated by this mechanism.  

To test the practical performance of the mechanism, two laboratory experiments were conducted in 
different settings (Fujinaka, Sakai, and Sakaue, 2008). In each experiment, 20 students were separated 
into two groups of the same size, and each of 10 students in a group have played the game with each 
of 10 students in another group. Thus each experiment has 100=10×10 subjects. In the first (standard) 
setting, the percentages of achieving efficient, envy-free, perfectly envy-free allocations were, 83%, 
76%, 55%, respectively, among the 100 subjects. In the second setting where individuals have already 
played another very similar game, the corresponding percentages were, 92%, 92%, 77%, respectively, 
among the 100 subjects. The players are students of Yokohama National University and their average 
payment was about 3,200yen for their 2 hours work.  
 
4. Conclusion 
We studied the problem of fairly allocating a single indivisible object with monetary transfers. In this 
problem, (perfectly) envy-free allocations are the main target to realize, and we designed a simple 
mechanism that theoretically implements these allocations. We also tested its practical performance by 
laboratory experiments, and observed that the theoretical prediction holds with high ratio. Our next 
plan is to do the same experiment for 40 players in order to observe long-run equilibrium convergence.  
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