
 

Field:  
Theoretical and Applied Mathematics/Informatics 

 
Session Topic: 

Computational Approach to Mathematical Problems - Riemann Hypothesis 
 

Speaker: 
Toshiyuki TANAKA, Kyoto University 

 

 
1. Introduction 
The Riemann hypothesis, a conjecture which states that all non-real zeros of the Riemann 
zeta function 
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(analytically continuated to Re 1≤ ) have real part equal to 1/2, has its origin in 
number theory, especially in studies of the distribution of prime numbers. It would thus 
be surprising to see that the Riemann hypothesis has relation with random matrix theory. 
The relation is dictated as Montgomery’s conjecture, stating that statistical properties of 
the non-real zeros of the Riemann zeta function are equivalent to those of the eigenvalues 
of random Hermitian matrices in the limit of infinite dimensionality. 
A random matrix has a random set of eigenvalues. For certain families of random 
matrices, one has well-defined limiting eigenvalue distributions in the limit of infinite 
dimensionality. Studies of limiting eigenvalue distributions of large random matrices 
have also found wider applications in various fields outside mathematics. In this talk, an 
instance of such applications in the field of wireless communication is briefly reviewed. 
2. Wireless Channels 
The most basic description of wireless channel is given by the simple formula , 
where 

y ax n= +
x , , and  are scalar channel input, output, and noise, respectively, and where 

the coefficient  is the channel gain representing physical attenuation in propagation of 
electromagnetic waves. For a noiseless channel, the input-output relation is linear: 

. The linearity is one of the fundamental properties of wireless channel models. 
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Another important property of wireless channels is randomness. The channel noise  is 
a random quantity, causing degradation of transmitted signals. Moreover, the channel 
coefficient  should also be regarded random. Physical transmission of electromagnetic 
waves is generally complex due to existence of reflecting and/or scattering bodies in 
environments, and accordingly, there are typically many physical transmission paths, 
called multipaths, from a transmit antenna to a receive antenna. Electromagnetic waves 
propagated along these multipaths induce interference at the receive antenna. 
Interference can be constructive or destructive, making the channel coefficient  larger 
or smaller. If any one of the antennas is moving, then there must be Doppler effects as 
well, which would complicate the transmission further. Moreover, in practical situations 
one has no hope of knowing values of  in advance, since they depend on actual 
communication environments. Therefore, the best one can do in dealing with the channel 
coefficient  is just to regard it as random. 
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Multi-antenna communication has extensively been studied for the last decade, because 
it provides efficiency and flexibility of wireless communication. A mathematical model of 
multi-antenna systems is given by a linear vector channel y Ax n= +

ur r r
, where ( )ijA a=  is 

a channel matrix, with ij  denoting channel coefficient from a j th transmit antenna to 
th receive antenna. One would like to know information-transmission capability of such 

a channel when the channel matrix  is a random matrix. 
i

A
3. Singular values 
Multiplication with a matrix is a complicated operation because it changes both the 
length and the direction of a vector. It also affects orthogonality: even though 1x

r
 and 2x

r
 

are orthogonal,  and  are not necessarily orthogonal. However, it is known that 
for a given matrix 
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A  there is a set of orthogonal directions such that operation of A  
preserves orthogonality. More precisely, there is a set { }1 2, ,v v

r r
K  of orthonormal vectors 

spanning the domain of A , for which { }1 2, ,Av Av
r r

K  consists of orthogonal vectors and 
zero vectors. Letting a a aAv σ=

r r
u , where { }1 2, ,u u

r r
K

A
 is a set of orthonormal vectors, one 

has the singular-value decomposition of matrix  as TA U V= Σ , where , 
, and 1 2 . The coefficients 

( )K1 2, ,u=
r r

U u
( )1 2, ,V v v=
r r

K ( ,K)diag ,σ σΣ = { }1 2, ,σ σ K  are called singular 
values of A , which represent effective gains of virtual independent channels which use 

 and  as output and input directions, respectively. Utilizing virtual channels with 
large singular values allows efficient information transmission free of interference. 
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4. Random matrix theory 
In order to understand information-transmission capability of random linear vector 
channels, it is therefore essential to study statistical properties of singular values of the 
random channel matrices. Although analysis for finite-sized matrices is in general 
prohibitive, in several cases one can obtain non-random limiting singular value 
distributions in the limit of matrix sizes tending to infinity [1]. For example, let ( )ijA a=  
be an M N× random matrix with M Nα= , ( )1Oα = , and ijN a  be independently 
distributed according to a distribution with mean 0, variance 1, and finite higher-order 
moments, then the distribution of singular values of A  in the limit  is 
deterministic and is given by what is called the Marcenko-Pastur (MP) law. The MP law 
is universal in the sense that it does not depend on details of the distribution of matrix 
elements. If, however, the matrix is sparse, meaning that there are finite numbers of 
non-zero elements per row as well as per columns even in the limit , then the 
universality no longer holds [2]. Such sparse matrices are becoming important in recent 
years, as wideband or ultra-wideband communications are considered as one of the main 
future directions of research and development of wireless communication systems. 
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Conclusion 
Random matrix theory might provide a clue for better understanding of the Riemann 
hypothesis, but it is also important in connecting us together via wireless technologies. 
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