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1. Introduction : prime numbers, counting them and the Riemann Hypothesis. 
 
The prime numbers are the elementary blocks of numbers : every number can be written 
in an unique way as a product of prime numbers. There is a natural analogy with 
chemistry, where every molecule can be obtained with a unique count of atoms.  
The properties of prime numbers have always fascinated mathematicians, but remain 
mysterious. With the discovery of the RSA encryption algorithm and its many siblings, it 
is now acknowledged that prime numbers are not only useful in the realm of theoretical 
mathematics, but also for critical technological features of our lives.  
How many prime numbers are there? Unlike atoms, there are infinitely prime numbers, 
as shown by Euclid long ago. One had to wait until much more recently with Gauss, for 
an accurate guess of how many prime numbers before a given number there is. This 
result, now known as the prime number theorem, was proved independently by 
Hadamard and De la Vallée Poussin in 1896. Their proofs use the very indirect route of 
complex analysis. 
The foundations of such a route were laid by Riemann, who introduced a complex 
function (nowadays known as the Riemann Zeta function) that links integer numbers 
with prime numbers. The properties of this function is intricately connected to the 
repartition of prime numbers, and it is possible to describe the repartition of prime 
numbers with the zeros of the Riemann Zeta function.  
 
Riemann observed that the non-trivial zeros of his Zeta function seemed to share the 
striking property that their zeros all have the same real part - one half. However he could 
not prove it and therefore stated it as an `hypothesis'. This property is still a conjecture, 
and its truth would have many extraordinary properties – whence the denomination 
`hypothesis’. In particular, it ensures that the distribution of prime numbers is very 
smooth asymptotically. 
 
2. Attempts of proofs and generalizations. 
 
Many famous mathematicians have been working on this problem, and even devoted a 
part of their lives to this tantalizing problem (Hardy, Littlewood and Hilbert were 
amongst the first ones) without decisive success. More recently, there has been famous 
attempts by de Branges and, independently, Connes (the latter used ideas from 
theoretical physics and non-commutative geometry) 
In the meantime, the ideas that led Riemann to introduce his function were reused in 
many domains of mathematics, and many new classes of Riemann-like Zeta functions 
appeared, with new applications to pure mathematics (arithmetic, number theory), but 
also to applied mathematics and computer science.  
 
3. Computerized approach.  
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With the emergence of powerful computers, Odlyzko started in the eighties to make a 
numerical simulation of the zeros of the Riemann functions, using formulas found by 
Hardy and Littlewood. It was conceivable that the computer could help to disprove the 
Riemann Hypothesis by a numerical counterexamle. A couple of years before the 
beginning of Odlyzko’s attemps, the 4 color was proved true with the help of a computer – 
providing the first example of computerized proofs in mathematics. Even though 
Odlyzko’s approach did not yield a counterexample, it gave a much deeper insight into the 
problem, and stimulated many new problems for computer scientists and 
mathematicians. 
 
4. Random matrix theory. 
 
In the sixties, a new paradigm towards understanding the Riemann Zeta function was 
adopted, where if the repartition of the zeros of Riemann Zeta function could not be 
understood, maybe a statistical approach was still possible. 
This idea was initiated by Montgomery, as he tried to understand the typical distance 
between the zeros of the Riemann function. On the occasion of a fortuitous encounter with 
the random matrix specialist Dyson at Princeton (during what is now known as the 
`Princeton Tea Party’ in 1964), he realized that the spacing was looking the same as the 
eigenvalues of a Gaussian unitary ensemble. Even though this idea is still not completely 
clarified nowadays (for, among others, it relies on the still unproved Riemann 
hypothesis), it led to many new predictions related to the Riemann function.  
 
This statistical approach to an untractable numerical problem has its roots in statistical 
mechanics : a random approximation is made in order to turn the problem into a tractable 
one. The very same idea gave birth to random matrix theory when Wigner successfully 
tried, for the purpose of atomic physics, to simulate Hamiltonians of heavy atoms with 
random matrices. Random matrix theory is nowadays a very well established branch of 
mathematical physics with many applications to pure mathematics (operator algebras, 
group theory, topology, free probability theory, number theory), but also to applied 
mathematics and other sciences (finance, quantum information theory, classical 
information theory) 
 
5. Conclusion. 
 
The Riemann hypothesis is one of the most difficult problem in mathematics. Despite the 
resistance of this problem to the attempts of proofs by so many excellent mathematicians, 
it keeps inspiring research in mathematics and at its various frontiers. The Riemann 
Hypothesis is arguably one of the problem in pure mathematics that has inspired the 
largest variety of scientists beyond the world of pure mathematicians - including 
computer scientists, physicists and applied mathematicians.  
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